This paper studies the motion of a third body near the 1 st family of the out-of-plane equilibrium points, 6,7 , in the elliptic restricted problem of three bodies under an oblate primary and a radiating-triaxial secondary. It is seen that the pair of points ( 0 , 0, ± 0 ) which correspond to the positions of the 1 st family of the out-of-plane equilibrium points, 6,7 , are affected by the oblateness of the primary, radiation pressure and triaxiality of the secondary, semimajor axis, and eccentricity of the orbits of the principal bodies. But the point ± 0 is unaffected by the semimajor axis and eccentricity of the orbits of the principal bodies. The effects of the parameters involved in this problem are shown on the topologies of the zero-velocity curves for the binary systems PSR 1903+0327 and DPLeonis. An investigation of the stability of the out-of-plane equilibrium points, 6,7 numerically, shows that they can be stable for 0.32 ≤ ≤ 0.5 and for very low eccentricity. 6,7 of PSR 1903+0327 and DP-Leonis are however linearly unstable.
Introduction
Generally, the motion of a body is influenced by the mutual gravitational attraction from other bodies. In a situation where we consider an isolated dynamical system of three gravitational interacting bodies 1 , 2 , and 3 , and where the third body 3 (called the infinitesimal mass) has a very small mass compared to the other bodies 1 and 2 (called the principal bodies, where 1 ≥ 2 ), the third body 3 has a very small effect (negligible) on the motion of the principal bodies 1 and 2 (i.e., 3 ≪ 1 & 2 ). These principal bodies called the primaries (i.e., 1 is called bigger primary or primary and 2 is called smaller primary or secondary, respectively) act as a pair, which has their motion approximated by a two-body problem with their trajectories predetermined. The motion of the third body as affected by the principal bodies is the subject of the restricted three-body problem (R3BP). This is what made the R3BP a more tractable case than the general three-body problem. If the principal bodies are restricted to a circular or elliptic orbit while the third body of infinitesimal mass orbits in the plane of motion established by the principal bodies, then we, respectively, have circular or elliptic R3BP (CR3BP or ER3BP). See [1] .
Over decades, the study of the existence of some families of particular solutions in both circular and elliptic R3BP has received the attention of various researchers like [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] among others.
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The periodic solution about the out-of-plane equilibrium points in the photogravitational restricted three-body problem was carried out by [17] . They found that two such families exist: the first family originates and terminates on the same equilibrium point, while the second family terminates by flattening on the orbital plane.
Afterwards, various studies of the out-of-plane equilibrium points have been carried out by other researchers like [18] [19] [20] [21] [22] [23] and many more.
Reference [5] studied the motion in the photogravitational elliptic restricted three-body problem under an oblate primary. In their study, they found that the out-of-plane equilibrium points are unstable for any combination of the parameters under their own consideration. Also, [24] studied the family of out-of-plane equilibrium points 6, 7 in the elliptic restricted three-body problem with radiating and oblate primaries. They concluded that the positions and stability depend on the oblateness and radiation pressure of the primaries and the eccentricity of their orbits.
Reference [25] examined the out-of-plane equilibrium points in the photogravitational CR3BP with oblateness and P-R drag. In their numerical study, they found that the out-of-plane equilibrium points are unstable in the sense of Lyapunov due to the presence of positive real root.
Recently, [26] investigated the influence of PoyntingRobertson drag and oblateness on the existence and stability of the out-of-plane equilibrium points in the spatial elliptic restricted three-body problem. They also found 6,7 to be unstable. Reference [27] studied the Newton-Raphson basins of convergence of the out-of-plane equilibrium points in the Copenhagen problem with oblate primaries. He considered a multivariate Newton-Raphson iterative scheme for revealing the corresponding basins of convergence on ( − ) and ( − ) planes. He also demonstrated how the oblateness coefficient influenced the positions of out-of-plane equilibrium points.
Our aim in this paper is to study the existence and stability of the out-of-plane equilibrium points under an oblate primary and a luminous-triaxial secondary in the ER3BP with application to the binary systems DP- Leonis and PSR 1903-0327. This article is organized in 7 sections as follows: the first section is the introduction; the equations of motion are given in Section 2; Section 3 contains the surface of zero-velocity curves (ZVC) in the ( − ) plane; the positions and stability of the out-of-plane equilibrium points are treated in Sections 4 and 5, respectively; Section 6 contains numerical application, while Section 7 is the discussion which concludes the study.
Equations of Motion
The equations of motion of a test particle in the ER3BP with a bigger oblate primary and a radiating-triaxial secondary in dimensionless-pulsating (rotating) coordinate system ( , , ) are given in [5, 6] as follows:
where the prime in equations (1) denotes differentiation with respect to the eccentric anomaly ( is an angular parameter that defines the position of a body that is moving along the elliptic Keplerian orbit; see [5] for more details) and Ω is the potential-like function defined by
2.1. Jacobi Constant. Equations (1) admit the Jacobi constant:
where is the constant of integration known as Jacobi constant.
Derivation of the Perturbed Mean Motion.
In the case of elliptic orbit, the distance between the primaries is = (1 − 2 )/(1 + cos ]) and the mean distance between them is given by
The orbits of 1 and 2 with respect to the centre of mass, with semimajor axes 1 = 2 and 2 = 1 , respectively, have the same eccentricity with (see Szebehely [1] ):
Their equations are given by
where is the Gaussian constant of gravitation. 
Adding equations (5) together we have
Here, we adopt that the sum of the masses of the primaries and the distances between them as the units of mass and length. We choose the unit of time such as making 2 = 1. Hence,
Making the simplification of the above 2 , by rejecting the second and higher order terms of 2 , we get
Surface of Zero-Velocity Curves (ZVC) in the ( − ) Plane
We introduce the ZVC as our quantitative method of understanding information about the motion near out-of-plane equilibrium points without actually solving the differential equations. The potentials of the principal bodies under consideration in this study have significant effects on the existence and the locations of the out-of-plane equilibrium points and, also, on the structure of the boundary between region of possible motion and forbidden region. So, we present the ZVC in the ( − ) plane in this section for the binary systems under consideration (i.e., PSR 1903+0327 and DP-Leonis. See Section 6 for more details of the binaries). In 
Positions of the Out-of-Plane Equilibrium Points
The solutions of the system Ω = Ω = Ω = 0 when ( ̸ = 0, = 0 and ̸ = 0) represent the positions of the out-ofplane equilibrium points ( 0 , 0, 0 ); that is,
This implies that
Making use of (14) in (16), we have
From (14) 
Here, we use 0 = (1 − ) and 0 = √ 3 √ as initial approximation. Using Wolfam Mathematica 10.3 (software package) we are able to obtain the positions of a pair of points ( 0 , 0, ± 0 ) corresponding to out-of-plane equilibrium points 6,7 which can be approximated in the forms of power series to the third order terms in from (17) and (18) as follows:
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The effects of the parameters involved in the positions of the 1 st family of out-of-plane equilibrium points are shown graphically for the binary systems PSR 1903+0327 and DPLeonis, respectively, in Figures 11-14. Figures 11 and 13 show the positions of 6,7 in the ( − ) plane as a function of oblateness in the interval [0, 0.1], keeping the remaining parameters constant for the binary systems PSR 1903+0327 and DP-Leonis, respectively, while Figures 12 and 14 show the positions of 6,7 in the ( − ) plane as a function of triaxiality
Linear Stability of the Out-of-Plane Equilibrium Points
In order to study the stability of motion near the out-of-plane equilibrium point, we adopt the characteristic equation of the system as in [4, 21] , given as follows:
where the superscript 0 denotes that the partial derivatives are evaluated at the out-of-plane point ( 0 , 0, 0 ). So, at the out-of-plane equilibrium points we have 
Numerical Application
In this section, we apply the data (barrowed from NASA ADS and [7] ) of the binaries PSR 1903+0327 and DP-Leonis Advances in Astronomy 9 (Table 1) to the analytical results obtained in the previous sections under the assumption that the primary body is an oblate spheroid while the secondary body is a luminoustriaxial body both moving in elliptic Keplerian orbits. The positions of the out-of-plane equilibrium points (Equation (19)) together with the roots of the characteristic equation (Equation (20)) are computed (for some assumed values of the potential of the system under consideration) in Tables 2-4 for PSR 1903+0327 and in Tables 5-7 for DP-Leonis with the help of the Wolfram Mathematica 10.3.
Discussion
The equations of motion of a third body under the influence of an oblate primary and a radiating-triaxial secondary moving in an elliptic Keplerian orbits are described by the governing equations (1).
It is seen in Figures 1-4 that the regions above and below the principal bodies are allowed to motion, while the regions between the principal bodies, the regions at the left of the primary body, the regions at the right of the secondary body, and the small regions nearer to the principal bodies are not allowed to motion. Also, a close study of Figures 5-9 reveals that all the regions are allowed to motion except the regions between the principal bodies and the small regions nearer to the principal bodies for each figure (i.e., Figures 5-9 ), while in Figure 10 all the regions are allowed to motion except the small regions nearer to the principal bodies due to the high value of eccentricity . It is also seen that the topologies of the ZVC for the binary systems PSR 1903+0327 and DP-Leonis differ. This happens due to the effects of their mass ratio . We also observed that the topology of the ZVC may change depending on the energy of the third body.
Equations (19) give the pair of points ( 0 , 0, ± 0 ) which correspond to the 1 st family of the out-of-plane equilibrium points, 6, 7 . It can be seen from (19) that the point 0 is affected by the oblateness of the primary body, radiation and triaxiality of the secondary body, semimajor axis, and eccentricity of the orbits of the principal bodies. Meanwhile, the point ± 0 is independent of the semimajor axis and eccentricity of the orbits of the principal bodies; it is only affected by the oblateness of the primary body and radiation pressure as well as triaxiality of the secondary body. This is similar to [5, 21] in which the point ± 0 is independent of the semimajor axis and eccentricity of the orbits of principal bodies.
It is seen in Figures 12 and 14 that there exist values of triaxiality corresponding to the out-of-plane equilibrium points which coincides with the values corresponding to the collinear equilibrium points in particular, the inner Table 7 : Effects of triaxiality of DP-Leonis on the locations and stability of out-of-plane points for = 0.95, = 0.2 and = 0.02. Tables 2-7 , reveal the existence of at least a positive real root and complex root with positive part for each particular set of values. This means that the motion of an infinitesimal mass near 6,7 is unbounded. Hence, the topologies of the ZVC and the nature of the computed roots of the characteristic equation (20) for the binary systems PSR 1903+0327 and DP-Leonis confirm the instability of the outof-plane equilibrium points which agrees with [5, 14, 17, [20] [21] [22] , while the characteristic roots given in Table 8 reveal that all the roots are purely imaginary. This means that the motion of an infinitesimal mass near 6,7 is stable. The stability of the out-of-plane equilibrium points resulted from the value of mass ratio , (0.32 ≤ ≤ 0.5), and the small value of eccentricity.
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